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PARABOLIC PROBLEM IN A NON-CANONICAL DOMAIN
DEGENERATING TO A POINT AT THE INITIAL MOMENT OF TIME

M. RAMAZANOV!, N. GULMANOV', S. KOPBALINA'

ABSTRACT. We study the boundary value problem for the two-dimensional heat equation in a
non-canonical domain, the boundary of which changes according to the power law x = t*, w > %
There is no domain of the solution of the problem at the initial time, that is, it degenerates into
a point. Using the method of generalized heat potentials, the problem is reduced to a pseudo-
Volterra integral equation of the second kind. The obtained integral equation is fundamentally
different from the classical Volterra integral equations in that the norm of the corresponding
integral operator is equal to one and the classical method of successive approximations is not
applicable to it, and the corresponding homogeneous integral equation has a non-zero solution.

Keywords: heat equation, boundary value problem, degenerate domain, Volterra singular inte-
gral equation, regularization.
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1. INTRODUCTION

In recent years, with the accelerated development of modern technologies in the field of
contact technique and increasing efficiency of electrical devices, there is a need for more accurate
measurement of the temperature field of contact systems. It becomes especially important to
study the dynamics of changes in this field over time. In this case, it is necessary to take
into account the change in the size of the contact pad, which occurs under the influence of
electrodynamic forces and at high temperatures due to the melting of the contact material.

To solve such boundary value problems, the Fourier method of separation of variables and
the method of integral transformations are not applicable, since it is not possible to coordinate
the solution of the heat equation with the motion of the boundary of the heat transfer domain.
It is advisable to use generalized heat potentials and subsequent transformation of the original
boundary value problem into pseudo-Volterra integral equations. The peculiarity of the problems
under consideration is that, firstly, the domain in which solutions are sought has a moving
boundary, and, secondly, at the initial moment of time, the contacts are in a closed state, which
leads to the degeneration of the problem solution domain into a point [2-4, 6, 11-15, 17, 18,
23-27, 29].

In this paper, we study the case where the boundary of the domain, in which the solution of
the problem is sought, moves according to the power law x = t* with w > % Previous works
have investigated heat conduction problems in conic domains that included both the inner and
outer parts of a straight cone; that is, the domain degenerated to a point at the initial time
instant of zero order, see the papers [1, 5, 7, 8, 10, 16, 19, 20, 22, 28]. The essential difference
in this paper is that we examine the parabolic problem in regions where the solution domain
degenerates into a point at the initial moment of time with a higher order of degeneration, since
the generators of the cone are curves x = t* with w > % In future work, we plan to continue
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studying this problem in the case where the boundary of the region changes according to an
arbitrary function z = (t) with v(0) = 0.
2. PROBLEM STATEMENT

We obtain the following boundary value problem: in the domain
Q={(rnt)0<r<t,0<t<T,w>1/2}:

ou 5 1-28 Ou , du

A S =L (1)
u(r,t)],—o = g1(t), t>0, (2)
u(r, t)‘r:tw = gZ(t)v t >0, (3)

where 0 < 8 < 1.

Such boundary-value problems in time-varying domains arise, for example, when mathemati-
cally modeling thermophysical processes in the electric arc of high-current disconnecting devices,
where the effect of the axial section of the arc being constricted into a contact spot in the cath-
ode region is considered. These problems are also relevant for developing new technologies in
metallurgy, crystal production, laser technologies, and more.

3. MAIN RESULT

Theorem 3.1. Let the conditions g1(t) € M(0,+00), t* 0B gy(t) € M(0,+00), M(0,+o0) =
Loo(0,400)NC(0,400) are satisfied, then the boundary value problem (1)-(3) has a solution as:

t t

)= [ 2EREI=T] gy [0S

e 0 _
0 = 0 . ¢=0

1 rP. 51_6 r2 4 €2 ré
Gt =0= g e g ) ()

V(t) = 2a2ﬂgl(t)7
and u(t) is determined from the following pseudo-Volterra integral equation:

v(T)dr,

where

u(e) ~ [ Nt = £0), @)
0
where
B tw,BTw(lfﬁ) (tw o Tw) (tw - 7_(4))2 1w rw 1w
Mo = a7 [mu - T>] |~z (w5 )

tw(B+1) rw(1-P) (t — TW)Q W W W W
BT e BT ] [‘ 27(t ﬂ] o <2a2<t - T>)
twﬁ(l _ 2B) (tw _ Tw)2 W 0w
e |Gy oo [ar=g) (s
Ig-1,5(2) = Ip-1(2) — I5(2),
f(t) = —2a%ga(t) + 2a%g1 (¢, 1),
t

- 1 1 1 28 2
Gi(rt) = (2a2)° 2% T(B) 0/ (t — 7)1 P [_4(12@_7)} o)

where 1,(z) — is a modified Bessel function of order v.
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4. INTEGRAL REPRESENTATION OF THE SOLUTION OF THE BOUNDARY VALUE PROBLEM
(D-(3)

We seek the solution of the system given by (1)-(3) as a sum of the double layer heat potentials:

t
8G7“£t ) LOG(r &t — 1)
d gLt )
O/ §= T“M(T) 7-_‘_/0 o

1 rﬁfl*[g r2 4 &2 ré
Clrt=n = g ow || B ()

where £ — is a parameter, 0 < § < 1, Ig(z)— is the modified Bessel function of order 3 (Infeld
function) [21].

where

Calculating the derivative %fﬂ and determining
IG(r, &t — 1) 1 r2h 1 [ r? ]
- /2 7 — . . .exp e — s
D leo (2271 21— r)PF1 BL(B) 12t —7)
and
8G(T‘,§,t—7’) 1 pBre(1-5)

9 empw  AaT (17)?

X exp [—M] {7"161 (%iﬂ) —7 (2a27(,tTiT)>}

+L P (1 — 25)e B r? 4 2 7 rT
202 (t—T)TYP P 1a2(t—1)| P \2a2t—1)) "

we obtain the following representation for the solution of (1)-(3):
t ﬂTw(l—ﬂ)( —7%) ( ,Tw)2 w w
U(T', t) - ‘({1 {T dat (t— :)2 exXp [_ 422(75—7)] exXp |:_ 20;(7;—7')] IfB (2&%2—7’))
B+1rw(1-p) (r—7v)? w w
+T4a4(t e eXP[ 422(;T)j exXp [_zag(tff)’] Ig—1, (Qa;(tfr))

r?(1-26) (r—7%) r7¥ r7¥
Wexp[ St o5 | gty I (ay) pu () dr

7’26

1 r2
+0f <2a2>‘*+1 25 (t—7)P+1 BL(B) P [—m} v (r)dr,

where

(2w71)t2w71

t—OH-W(l_B) e 4a2 . ,u(t) € Loo (0700)5
fora=Q2w—-1)(1-B+¢),0<e<p.

5. REDUCTION OF THE BOUNDARY VALUE PROBLEM (1)-(3) TO THE PSEUDO-VOLTERRA
INTEGRAL EQUATION

Satisfying the boundary conditions (2)-(3) for the function u(r,t) defined by the equality (5),
we find one of the densities such that:

v(t) = 2a°Bg1(t)

and obtain the pseudo-Volterra integral equation for finding the second density given by:
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1 {25y [ o] ()
S e |~ | e [ ki | Do () o
e exp |-l | exp [~ s 1s () J wn)dr = ),

where

f(t) = —2a2ga(t) + 2a%G1 (1, 1).

6. ON THE PECULIARITIES OF THE ORIGINAL PSEUDO-VOLTERRA INTEGRAL EQUATION (6)

To study the original integral equation (6) to which our boundary value problem has been
reduced, we introduce a new function such as:

() = U p(t), fit) = 00 f(@). (7)
Then, we get
[ (1 — 77
pt) - 0/ > Nuor) - [—Mt )] (r)dr = i) (%)
where

Now(t,7) = - Tsorg (59—
w(67) 2a2(t—7)2€xp[ 2a2(t—r)] e <2a2(t—f)>’

LW BB P T

2a%(t — 2a2(t —

Remark 6.1. For any value w > %, 0 < B < 1, the following equations are true:

1—
hm/{le (t,7) + Now(t,7)}dr = ﬁﬂ, hm/Ngw (t,7)dr =0,

2w—1

/ Naw(t, 7)dr < Cla,w) - %

Remark 6.2. [t follows from Remark 6.1 that when % < B < 1, the integral equation (5) in the
class of essentially bounded functions has a single solution which can be found by the method of
successive approzimations. When 0 < 8 < %, this equation is a pseudo-Volterra equation and
the method of successive approximations does not apply to it.

Therefore, we next consider the case 0 < 8 < % and in order to find the solution of the
pseudo-Volterra integral equation (6), we construct the corresponding characteristic equation.
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7. CHARACTERISTIC INTEGRAL EQUATION

In order to solve the pseudo-Volterra integral equation (8), we construct the corresponding
characteristic integral equation. When constructing this equation, it is essential to consider two
key points. First, the kernels of the basic and characteristic integral equations should be closely
related in that their difference exhibits only a weak singularity. Second, the solution of the
characteristic equation must be obtainable explicitly. In our previous work [27], we examined
the model case where w = 1, and there, the solution of the corresponding basic integral equation
was found in explicit form. The characteristic integral equation corresponding to the Eqn.(8) is
derived from the model integral equation through appropriate substitutions:

1 1
1 2w—1 ]_ 2w—1
t1 = -t , T = T .
2w—1 2w—1

For the pseudo-Volterra equation (8), the characteristic integral equation is as follows:

¢ 2 7(2w71)‘(t2w—177_2w—1)
() - / Nt 7) - e (7 = q(b), (9)
0 =1
where
_ w— '2w7172u.171 _ _
N 5y = (L2020 — Dt L (1) el
’ - 2w—1 _ ~2w—1 2 (+2w—1 _ 2w—1 ’
n(t7) (t T )T ¢ F\ 2q (t T )
_ _ w—1)- 2w—17_2w—1 _ _
Nt 7) = (2w — 1)2t4w 2,20 26_(2%12(%#“*1)1 (2w — 1) - 2w tp2w—l
b B 2a2(t2‘*’_1 — 7'2""_1)2 p-1,6 2a2 (t2w71 _ 7_20.;71)

Let us show that the Eqn.(9) is indeed characteristic for the Eqn.(6). First, we need to show
that the following remark is true.
Remark 7.1. For any value w > %, 0<fB< %, the following equation is true:

lim / (N (t,7) + Ny (,7) 7 = 1_66'

Proof. Indeed,

ft{Plh(t, T) + Pon(t, 7)}dr

4 gw1 _ (w—1)g2emls20-1 2w—1_2w—1
:f{(l_zﬁ)(zw—l)t ¢ 2T ((Qw—l)t . )
0

(t2“’_17T2w_1)T 2(12(1‘/2“_1772“’_1)

2,402 2w g _ Qu-1)2wTl 2ol 2w—1._2w—1
+(2w71) t T 20.2(1&2“’7177'2“)71) I (2w71)t T d
202 (t2w0—1 _72w—1)2 € B—1,8 \ 2g2(12—T—72w-1) T

.

T (1=28)(2w—1)t21  2a2(29—1_g20—1)2 (9 q)2w-lp20-1 4§ _
_ T la-28u-1) i
= f @21 _r2o-Ty; (2w—1)2 27202 " 2q2 ({21 _72e-1) © € ,B(Z)

Y

(2w_1)t2w—17_2w—1 dz - (2w_1)2t4w—27_2w—2d
2a2(t2w71_7—2w71)7 - 20,2(152“’71—7'2‘“*1)2 T

0
(Qw_1)2t4w727_2w72 2a2(t2w71_7.2w71)2

+2a2(t2w71_7—2wfl)2 ’ (2W71)2t4“’_2T2“’_2 ! e_zIB_lyﬁ(Z)}dz

- :f°{(1 —28)- L~ I5(z) + e {I5-1(2) — Ip(2)}}de = =22 41 = 12,

Secondly, it is necessary to show that the following theorem is true.
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Theorem 7.1. Ifw > %, 0<fB< %, then the following inequality is true:
tBHDw=1  (B-1w  _ @¥—7¥)?

|(Pro + Paw) = (Prn + Pap)| < Ci(w, B) |w — 1] - 5
(t—7)

Proof. We introduce the following notation:

Piy(t,7) = Ni(t,7) - e @) Py(t,7) = Nip(t,7) - e 00T = 1,2,

where

(t* — 1)?

(zw _ 1) A <t2w71 . 7.2w71)
4a®(t — 1) '

4a?

Qw(taT) = ) Qh(t>7—) =

To prove this theorem, we will show that the following lemmas are true.
Lemma 7.1. I[fw>1, 0<f8< %, then the following inequality
Qn(t,7) > Qu(t,7), that is e @nt) < o= Qutr)
holds. If% <w<l, 0<p< %, then the following inequality
Qn(t,7) < Qu(t,7), that is e BT > =QultT),
holds.
Proof. Let w > 1. Then, from [9, p. 39]

t2w71 _ 7_20.171

(2w — 1)t — 72 Yt — 1) = [(Qw — D22 (¢ — 7‘)} -

t2w—2
2w—1 2w—1 2w—1 2w—172 2w—1 2w—172
><t2w—1_7_2w—1).tw — 2w _ $2w — 2w B $2w _TW
= $2w—2 - tw—1 - tw—1 tw—1
2
t2w71 2w—1 2
= [tf—f = (=7

Let % <w < 1.
(2w — 1)(t2w—1 — 72‘”_1)(25 —7)= (2w — 1)(1&2‘”_1 — qwl, TNt —T)

T<1
= || T S cw<d | <@ DT - ) ()
ol sl S cw<l
= Q- Dt (1 =)t —T) = H w<lw—-1<w H
SwtTHt = T)(tY — )t — ) - (B — 1) = (1 — 79)%

The lemma is proved.

Lemma 7.2. Ifw > 1, 0< B <1, then the following inequality is true:
2 2
t(B+Nw—1 (B—1)w

|Pry — Pip| < Ci(w, ) lw — 1] - . e Qult)
(t—7)
Proof. Let w > 1. Then, we have
‘le — Pm’ < ’le — N1h| e Qu + Nlhe_Qw 1 — ¢~ (@n=Qu) ’

Let us first evaluate the expression — | Ny, — Nyp|,

[Niw = Nipl = Naw |1 = 4 !

= He’Z'Iﬁ(z) R i 2> 1”

.e 4a2(t—7) .

69
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1
< (2w — 2=t gw t—T1 twrw (tQW—l — 21 2
iy le(ty T) . ]_ —_— f . tj . t2w—1_7_2w71 . t pe . (2w — 1)t2w_1 : 7-2w_1

1 w 1
2 )72,], +57 +7
—N( (t’;)' 1_(

1
-li N S
Tl—w—%+w—% lim st ((t2w71_7_2w71>
T =1z
1 N o
. - L . 2 L
o <Gﬂ;%f§;5> :hn%*15%T<i$ﬁ%T> = B
T=1x
= 5 Tt o
:le(t77—). 1_tlj'tw—1 :le(t77—)"1_7w_1 :le(t’,T)‘ L_Tl
T 2 3 =
T —rF 1 ¢ o g T 5T =1 e 1
== D= < t 2z
. 7 b g T [2a2(t—7)] B t—7 2
W71—1
< (=2B)w—1jt 2 7 g gPefe | (1228) ) o gy, geT A metbe
S s P T oaey @ (=P
< CW(w,8) - (1= 28) - | — 1] - EH=Lrlombe

(t—7)P
Now, we estimate the second term. At first, we estimate

1— @) = |Qp > Qull < Qu(t,7) — Qult,T)

(2w —=1) o, 2w—1 (t* — Tw)Q (2w —=1) 9,1 2w—1
L - 2ot .
4a? ( ™) 4a?(t — 1) =  4da? ( ™)
Then

Nip(t,7) - ‘1 — e_(Qh_Qw)‘

< (1 _ 25)(200 _ 1)2 . t2w—1(t2w—1 _ ,7_20.)—1) ' efz . I (Z)
= 4a2 T (20T = 72T B

< He‘Z - 15(2) < Do2”||

<Dy (1-28)(2w—1)" 71 (2w-1)

$20-1 | L2w—1 B
4a? T (2&2)5 |:(t2w—1 _ 7-2w—1):|
D (1 _ 26)(2“) _ 1)2+5 $2w—1 2w—1 | 2w-1 B
- 4a2 . (2@2)5 T (2(«] — 1)7_2w_2(t — T)
2 (2w—1)4(2w—1)8 B—1
= (B.w) - (1-26) - R

2 _ (B+1w—1 (B—Dw
< O (Bw) - et L

(2w —1)8 = (Bw+w —1) — (1 - B)(w — 1);
$w=1)B  f=(1=B)(w=1)  pf—1 < go—ltfi | p—wtfu

The lemma is proved. Similarly, the validity of the following lemma is proved.
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Lemma 7.3. If w > %, 0<pB< %, then the following inequality in valid:
(t—7)°

Remark 7.2. In the case % < w < 1, in the same inequalities it is sufficient to change the roles
of the functions N;, and Ny, (i =1, 2), respectively.
The proof of Theorem 7.1 follows from the Lemmas 7.1-7.3.

’P2w(t7 7-) - P2h(t7 7-)| S CQ(W, . e_Qw(th)_

8. SOLUTION OF THE CHARACTERISTIC EQUATION

In order to find a solution to the characteristic equation, we make the following replacements:

1 2w1—1 1 2w1—1
t]. — -t ) T = - T 3
2w—1 2w—1

t
/ 1 — 25 e t17'1 I t17’1
X —_—— . e —
tl — 7’1 P 2a2(t1 — 7’1) B 2(12(t1 — Tl)
0

n tp? exp[ t171 } I ( t1711 >
S S o qai 3 i
2@2(151 — 7-1)2 2@2(t1 — 7'1) A-1.6 2a2(t1 — 7'1)

ty 11711 t171
P Y - I dry = F(t
+2a2(t1—7'1)exp |: 2@2(751—7'1)] A <2a2(t1—n)>}u2(ﬁ) n ( 1)’

the solution of which we obtained earlier [28]:

then, we get

t1
i (t) = Ft) + / R(ty, 7)) F(r)dr + Cpl? (8y).
0
where
1) = Cexp (<200) i) >0

and po(B) — is the root of the equation

- (2) - ey (F) <o

a
In this case, the resolvent R(¢1,71) has the following estimate:

tll_(ﬁ_s) . T_l_(ﬁ_a)
R(t177—1> < C(/B) 1_ _
(t —71)1 (B—¢)

Thus, the solution to the characteristic equation (9) has the form:

t

punlt) = Fu(t) + [ Rult,m)Eur)dr + Cull) ) (10)
0
where the resolvent R(t,7) satisfies the estimate:

o— —(B— —(2w—1
H2u—1)(1—(8—¢)) . 1( )—(B—¢)

(t — Tl)l—(ﬁ—f)

Rp(t,7) < Ci(w, B) , 0<e<p (11)
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() = C - exp (—W) , po(B) > 0.

9. REGULARIZATION OF THE PSEUDO-VOLTERRA INTEGRAL EQUATION (8) BY SOLVING THE
CHARACTERISTIC EQUATION

Our goal is to solve the integral equation (8). We write the equation as:

t 3
- / {Zm(m)} p(r)dr = fa(t), (12)
o li=1

Py (t,7) = Nay(t, 7) - e Qb))

We regularize this equation by solving the characteristic equation

tooo, L2
- / {Z m(m)} pu(r)dr = f(t) + / {Z [Pis(t,7) — Py (t,7)] + Pgww)} (7).
o \i=1

0 i=1

Assuming the right-hand side is temporarily known, we write its solution and obtain the following
integral equation:

t
Ky = /K (t, T)pa(T)dT = f1,(t), (13)
0

where

2
= [Puw(t,7) = Pu(t,7)] + Psus(t, 7)

=1

i=1

¢ 2
+/Rh(t77'l) {Z [Piw(T1,7) — P (71, 7)] + P3w(7'1,7)} dry,

t

fir(t) = / Ru(t,71) fi(m)dm + fi(t) + CuD (1),

0

the resolvent Ry, (t,71) has the following estimate:

$2w—1)(1—B+e) | Tl—(2w—1)—(ﬁ—a)
(t _ 7_1)1—54-5

Rh(t77—1) < Cl(wa 677)

where 0 < e < 3, 0<5<%.
It is necessary to show that the integral equation (12) can be solved by the method of successive
approximations. For this we need to estimate its kernel K (¢, 7).
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10. ESTIMATES FOR THE KERNEL OF A REGULARIZED EQUATION

Lemma 10.1. The kernel of the reqularized equation has the following estimate:

(2w—1)(1—f+e)
t B(2ew,1 —¢)
|K(t77—)’ S Cl(w757’7) ' <7_> : (t_,r)a .7-1—2€w'

where B(a,b) — Beta function, 0 <e <, 0< < % .
Proof. Indeed, using the results of lemmas (7.1-7.3), we have:
¢ 2
[ Ry(t,m1) - > |Niw(m1,7) — Nipp (71, 7) |d71t
T i=1

t Tf(QW*U*(B*E)‘Tﬁw—l-Fw

< C3(w, B,7) - tBm DUt pmeli=0) S i
2w—1)(1—B+
SC:’)(Waﬁ,’Y)‘B(l_ﬂ%ﬁ_E)'(%)(w ) E)'@_T)E.%~
Taking into account
2w—1 _ 1 %w,1
Ny (r1,7) < D()(;J T ' ax/i&n 7)2 _ Dow Ty —
2a T —T 7—157-% a 2 (7-1_7—)57-5

we get:

Y

t>(2w1)(16+s) (2w=1)(3—B+¢)

t
1
. < . — — —
T/Rh(t,Tl) Ngw(Tl,T)dTl _C4 B(2, ﬁ E)(T (t_T)%—ﬁ‘f'a,T%-‘r,@—&

Thus,

(2w—1)(1—B+¢)
t B(2ew,1 —¢)

< N . .

|K(t,7’)’ _Cl(w,ﬁaf}/) < ) (f*T)E'T172Ew

T

Remark 10.1. From relation (12), it follows that a homogeneous equation

L3
p(t) — / {ZNiw(t7T)} py (T)dT =0
o =1
is equivalent to an inhomogeneous equation

t
&m:m@—/K@ﬂmmm:cﬁ%m
0

which for each C has a unique solution, we denote it — ﬁgo) (t).
Thus the validity of the following theorem is proved.

Theorem 10.1. For 0 < § < %, the general solution of the inhomogeneous integral equation
(12) is the following function

() = K] ) + € -0 (t), C = const,
where

p1(t) € M(0,400), M(0,400) = Loo(0,+00) N C(0,+00).
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And for % < B < 1, it will have a unique solution, i.e. C' = 0.

Therefore, taking into account (13), a solution to the original integral equation (6) has been
found in the class of functions

(2w—1)t2w—1

t—a+w(1_5)eTMt(t) S LOO(07 OO)

11. SOLUTION OF THE BOUNDARY VALUE PROBLEM (1-3)

From the integral representation for the solution (5) of the boundary value problem (1-3), we
get

4
t) =Y ui(rt),
i=1

where

(r—r)?

6740,2(1577') 6720.27‘&{17') Iﬁ L M(T)dT,
2a%(t — 1)

B—l—l w( (= 7-‘*’) rr¥ w
a

4a4t—7' (t—1)

(r—1%)
4a4t—r)2

t
6 — r—T 2 rr% w
P (1 —2p3) (r—7%) rT
T 4a2(t-1) o 2a2(t—7) [ d
/2a2 t—TT"Jﬁe € 8 <2a2(t—7)>u(7—) 5
0

(2w—1)t2w—1

For the solution u(r,t) € M(0,+00), we assume that t 5.~ 42 - pu(t) € Lo (0;400),
where o = (2w — 1)(1 — 4+ &) > 0. We estimate the first term:

up(r,t)

w)2

_(r=7 2w—1)r2w—l 1 w
_ f rBre(=8)(r—7 ) otwh e 4a?(t—7) 6_$€ 2020-7) Jg ( 59—
da(t—7)? g

2a2(t—7)
2w—1 ¢ B w—i—a( w) w
(w-1)72~ rPT r—T - T
xQrTewh e wa (T } dr < C / e 2020-m)] <)d7'
{ M( ) = 10 4a4(t—7')2 A 2a2(7f—7')

w 2a2r(w‘r“’_1(t7‘r)+r“’)
= |ty = 2 ar = 2

T*BT“’+°‘(7"77'“’) da*(t—7)2 w 1
=G f 1ad(t—1)2 2aTr(wreI(t—n)+7) Qag(;fq—) pe 7lg(2)dz
:H'I"<tw’ 7'<t7 m_l“

<oy twﬁf ) Loz (2)dz = T (r, 1),

— t—1

Let w > 1, for which the inequality ¥ — 7% < wt*~1(¢t — ) holds.
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Then
® w+ta, gw—1 1
wt t—
10 (r, ¢) wﬂ/T P ™) e Ip()de = T <t
0
Chw 1 _ Chw
< wB+a+2w—1 - -z wh+a+2w—1 <
1 —t /Ze Ig(2)dz = 1 —t Cl(a T,w).

0
Let 3 < w < 1, for which the inequality t* — 7% < wr*~1(t — 7) holds.
Hence

]I(l)(r, t)

[of) wgoofr“""awT“”_l(t—T) 1 —»
< it ‘oft— e ?g(2)dz

oo
= %t”ﬁ of rotlu—1, %eleﬂ(z)dz =

2w—1>0 ati<w<l
T<t

o —_—
< %t”b)*a*z“’*l [ te*Is(2)dz = %t‘”ﬂ“"””*l < Ci(a,T,w), ¥(r,t) € G.

0
We estimate the second term:

t
Bl w(l=6) atwp _ir;(ftw)i _(2w—1>22w—1 - 27:: S o
e as(t—7) e 4a e a“(t—T1 1
B 76 20,2
0

dat(t )2 (t—r7)

t
(2w—1)720 1 pPtlpwte v r¥
x el R }dT < @/e 22 g ()dT
{ lu’( ) — J 4@4(1; o 7_)2 B-1,38 2a2(t _ 7—)

)
rBtlro ™

4, 4 t— 2 _
=C Of 4a4(t—7)2 ' a2(a27:r) e e € Zlﬁ—l,ﬁ(z)dz =

o) B i 2a2r(w7‘*’*1(t—7)+’r“)
2a2(t—7) z=dz = 4at(t—7)?

|r<t, s <1

P owreTl(t—1) 4T =
o0 —_—~

< Sebte o215y g(2)dz = 3900 < Cy(a, T), V(r,t) €G.
0

Now, we will estimate the third term:

t
B(1 — 983 )FatwB _(r=1)2  (@u_1)r2-1 rr® w
r g e o rT
/ ( ﬁ e 4a2(t77')6 402 e 2a°(t—7) IB <>
0

2a%(t — 7)7wP 202(t — 1)

(2w—1)72""71 T6<1 — 2/8) rr% T'Tw
—a—wh . : dr < C / 22— d
% {T « “(T)} TEY - ¢ P\ a2t =7 )"
0

w 2a2r(w7“’_1(t—7)+7—‘“)
2a2(t—T) z 4at (t—7)2
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o0

N B(1—-28)r™ 4a*(t—7)2 w 1
- g T2a2(t77§ ’ QaQT(wTa“”l(ttT)JrT“’) T (= R “lg(2)d>
:H7“<tw,7'<t, mglu
o
C3(1—-2 1 C3(1 -2 —~
S 3(2a2/8)tw/8+a / ; . C_ZIB(Z)dZ = 3(2(12/8)#415—&-04 S 03(G7T7/3)7
0

And, finally, we will estimate the fourth term.

s 2
u4(7”, t) = (Qa%)ﬁ . 2% . ﬁ\({‘ (t77)5+1 - exp [—m} gl(t)dT

1 11 728 2
S Gay VT wm{m FEP [—m} dr

= 44415144, — . _ — T2 . _ r2
= ‘ 4042(th) — Z, t T = 4(122’ dT == 740,222 dZH
_ 1 1 1 ' oo 72B.48+1.426+2, ,8+1 2 —2g
T (2a2)f 2P T(B) ’91( )’ { 12672 " da22 € Z
T
4a2t

o
= ﬁ . 2% . ﬁ 48 . g28 . lg1(t)] 12‘ Bl =24,

4a2t

2
F(B77‘7)
— l0(t)] - 557 < |y (0)], V() € G

This implies the validity of Theorem (3.1) — the main result of the paper.

12. CONCLUSIONS

We studied a boundary-value problem for a heat-type equation in a time-dependent non-
canonical domain whose spatial region collapses to a point at the initial time. By using gen-
eralized heat potentials, the problem was transformed into an explicit integral representation
and reduced to a pseudo-Volterra integral equation of the second kind with a kernel of critical
size, which makes it essentially different from the classical Volterra setting. For the parameter
regime where the standard successive-approximation technique fails, we constructed an appro-
priate characteristic integral equation, obtained its explicit solution, and used it to regularize the
original equation, derive kernel /resolvent estimates, and prove solvability in the class of bounded
continuous functions, including a description of when uniqueness holds and when a nontrivial
homogeneous component may appear. The developed approach is motivated by heat-transfer
models with moving boundaries (e.g., in contact and arc devices) and provides a foundation for

extensions to more general boundary motion laws.
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